I. Introduction
URBULENT lifted flames are of relevance to the satisfactory operation of many practical devices. Consequently there have been extensive theoretical and experimental studies on lifted flames to understand their stabilization mechanism [1] [2] [3] [4] [5] [6] [7] . Several explanations have been offered based on the properties of premixed and non-premixed flames 2, [5] [6] [7] , auto-ignition 9, 10 , and turbulence-flame interactions 6, 11, 12 . However, the viability of most of the postulations is difficult to scrutinize due to difficulty in performing joint scalar-velocity measurements in turbulent reactive flows as well as the dearth of accurate simulation data reflecting the chemical response of key intermediate species to turbulent strain. Moreover, the associated utilities for analysis of mixed-modes of combustion are not concise.
Direct numerical simulation (DNS) is an information-rich platform for the study of turbulent lifted flames [13] [14] [15] by providing complete information of both the flow and the chemistry. Restricted by the high computation cost, fully 3-D DNS of hydrogen lifted flames with detailed kinetic mechanism became 1 Research Staff, Department of Mechanical and Aerospace Engineering, AIAA Senior Member. 2 Postdoctoral Researcher, Combustion Research Facility. 16 . However, it remains a challenge to develop rigorous computational utilities to extract the salient information from the massive output of DNS.
In response to the above needs, in the present study the DNS results obtained in 16 are analyzed with a newly developed approach based on computational singular perturbation (CSP), which was developed in the mid 1980s [17] [18] [19] [20] . Chemical explosive modes were identified and employed to extract premixed or partially premixed flame fronts from the simulated flow field, and to clearly identify the lifted flame stabilization mechanism in a vitiated coflow environment.
CSP was primarily applied in the analysis and reduction of stiff nonlinear ODEs, particularly those involving detailed chemical kinetics. It systematically identifies exhausted fast processes that algebraically relate the fast variables with others. In the past two decades, CSP has been widely adopted in various topics of mechanism reduction, such as the identification of quasi steady state (QSS) species [21] [22] [23] [24] , elimination of unimportant species and reactions 25 , and stiffness removal [26] [27] [28] . It has also been applied to analyze complex flow-chemistry interaction 29 , as well as biological systems 30 . CSP provides a refinement procedure to decouple the fast and slow processes iteratively until arbitrarily-high order of accuracy is achieved 19, [32] [33] [34] , and it degenerates to the method of intrinsic low dimensional manifold (ILDM) [35] [36] [37] [38] if the time dependence of the Jacobian is neglected in decoupling the modes. In such cases, fast eigendecomposition of the Jacobian can be applied instead of the slow refinement procedure 23, 35, 39 . The eigendecomposition approach is simple to apply and has been found to be sufficiently accurate in many practical applications in mechanism reduction as well as flow simulations.
In addition to the refinement procedure, CSP provides two important concepts, namely the radical pointer and the participation index 19 , which indicate the involvement of species and reactions, respectively, in the fast processes. In particular, the radical pointer can be employed to identify the candidate species to be solved by the algebraic equations. It has also been utilized in the identification of QSS species and the fast species induced by partial equilibrium reactions [21] [22] [23] [24] . However, these concepts are not readily applicable to the study of chemical explosive modes, which is important for reactive flows involving ignition processes 39, 40 .
In the present study, concepts from CSP theory will be extended to study the stabilization and structure of a turbulent lifted hydrogen jet flame simulated by DNS. The role of the explosive chemical mode in flame front detection, from which the stabilization mechanism of the lifted flame can be understood, will be explored.
II. Methodology

A. A brief review of CSP
In the theory of CSP, a chemically reacting system is formulated as the following ODE:
where g is the source term, and y is the vector of dependent variables, such as species concentrations and temperature, that are nominally nonlinearly coupled in chemically reacting systems. Using the chain rule, Eq. (1) can be transformed to:
where f is the vector of modes, and matrices A and B consist of column and row basis vectors, respectively. In nonlinear systems, J is time dependent and so are A and B. In ideal cases, a diagonal  can be obtained from Eq. (3), such that each mode is completely decoupled from the others. For general cases, the ideal basis vectors are, however, not available, and CSP provides a refinement procedure 35, 36 to find a pair of A and B iteratively such that  is block-diagonal and consequently the fast and slow subspaces are decoupled: (5) Once the fast modes are identified, the species involving the fast subspace can be identified using radical pointers, defined as:
where Q i indicates how parallel the i th variable, which can be either a species or temperature, is to the fast subspace. A variable is a CSP radical if its radical pointer is not small, and CSP radicals are the candidates that can be solved by the algebraic equations in (5) 1 . It is noted that although radical pointers are normalized, they can be negative or larger than unity. Therefore special care is needed when comparing radical pointers with threshold values.
Practically, the time dependence of matrix B is difficult to compute in Eq. (3), and was frequently neglected when leading order accuracy is adequate. In such cases, Eq. (3) can be replaced by simple eigendecomposition 23, 35, 39 . i.e.
and  is diagonal if J is not defective, such that the modes are fully decoupled with leading order accuracy. Complex eigenvalues of J indicate the existence of oscillatory modes 23 , the significance of which has been investigated for the ignition of large hydrocarbons 39 . Nonetheless, the study of chemical explosive modes with CSP has only been preliminary, and it has not yet been applied to turbulent reactive flows. In the following sections, concepts from CSP will be employed to investigate the role of explosive modes in homogeneous as well as diffusive flows, and a new approach for flame front detection in an autoignitive flow will be proposed.
B. Quantification of Explosive Modes
Explosive modes are those associated with positive eigenvalues of the Jacobian. i.e. 
where A exp and B exp are the eigenvectors associated with  exp . Similarly, E is non-dimensional and its ith entry, E i , indicates how parallel the ith variable is to the explosive mode. To avoid confusion with the radical pointer, E will be called "explosion pointer" in the present work.
The existence of explosive modes and the concept of the explosion pointer is demonstrated in Fig. 1 for the homogeneous auto-ignition of a stoichiometric hydrogen-air mixture. The detailed hydrogen-air kinetic mechanism is from Li et al. 41 . Figure 1a shows the temperature and mass fraction of selected species, namely H, H 2 , and O 2 , and Fig. 1b shows the time scale of the explosive mode and the explosion pointers. An interesting observation in Fig 1b is that the explosion pointers of temperature and fuel diverge as they approach the inflection point in the temperature profile, indicating the existence of a singularity where the eigenvalue of the explosive mode crosses zero. It is noted that, while not shown in Fig. 1 , a similar trend was also observed for hydrogen and hydrocarbon fuels under a variety of conditions. To explain this observation, it is further observed in Fig. 1b that, while the explosion pointer of temperature grows positively near the singularity, that of the reactants, i.e. H2 and O2, grows on the negative side, indicating that the effect of thermal runaway is balanced by the consumption of reactants at the crossover point. A closer inspection of the eigenvector of the explosive mode shows that the explosive mode rotates into the direction of the energy conservation mode through thermal runaway, such that the Jacobian becomes defective at the crossover point. Therefore, although the entries in E sum to unity, each explosion pointer may be arbitrarily large near ignition, rendering it difficult to use. To resolve this problem, the explosion pointers defined in Eq. (9) are further normalized in the present study:
where for distinction the explosion index is denoted by EI. It is noted that, although the explosion indices are normalized to [0, 1] in Eq. (10), it should not be evaluated too close to the singularity because of the large numerical errors induced by the inversion of an ill-conditioned matrix A. Figure 2 shows the explosion index for temperature and species with nontrivial participation in the explosive mode for the auto-ignition case of Fig. 1 . It is seen that there are two stages in the ignition process, namely radical explosion and thermal runaway. The radical explosion stage occurs before approximately 70s. It is dominated by the H radical whereas the temperature effect is negligible. Thermal runaway occurs near the very end of the ignition process, where temperature is significantly involved and the contribution from H vanishes. The two ignition stages are therefore naturally divided at the point where the explosion index of temperature becomes larger than that of the radicals, as shown in Fig.  2 . The radical explosion stage is manifested by the exponential growth in H radical in a nearly isothermal environment as shown by the linear segment in Fig. 1a. In Fig.  1b , it is observed that the time scale of the explosive mode remains almost unchanged during radical explosion, and varies dramatically during thermal runaway. The mixture becomes non-explosive once it passes the inflection point.
Since explosivity is a chemical property of the mixture, the time scale of explosive modes and the explosion indices can be utilized to distinguish between unburned and burned mixtures, not only in homogeneous applications, but also in diffusive systems. This is because explosive modes in diffusive systems are induced by the chemical source term rather than by diffusion, since diffusion is dissipative in nature. Therefore, the eigenanalysis in Eqs. (1) - (10) can be performed only on the Jacobian matrix of the chemical source term to detect the explosivity of the mixture. For demonstration, Fig. 3 shows the structure and the profile of the chemical explosive mode in a 1-D freely propagating laminar premixed flame. Note that the explosive mode only exists in the preheat zone where the mixture is unburned. The time scale for the explosive mode first increases as temperature rises, and then quickly vanishes when the mixture is burned. Similar to Fig. 1b , the transition from an explosive to a non-explosive mixture occurs abruptly, forming a boundary that is much thinner than the flame thickness, and sharply separating the two types of mixtures. To further verify the validity of this measure over a wide range of mixtures, the temperature profiles of lean to rich premixed H 2 -air flames are plotted in Fig. 4 , with timescales of the explosive modes superimposed in color. Note that, for each of the five cases, the transition from explosive to non-explosive mixture is abrupt, while the change within the unburned zone is smooth. Therefore, the sharp boundary is a general property of a premixed flame and can be utilized to detect premixed flame fronts in more complex flow fields.
Another interesting observation for pre-mixtures can be seen in Fig. 3b , which shows the explosion indices for temperature and species. In contrast to the homogeneous ignition in Figs. 1-2 , no radical explosion stage is observed for the flame. The explosion index of temperature dominates the entire preheat zone, although the radical H still moderately participates in the explosion. This is because the strong diffusion of the H radical from the burned mixture dominates the local generation of H in the preheat zone, such that radical explosion is not important in building up the radical pool in the preheat zone. This observation can be useful in detecting whether a reaction front is dominated by flame propagation or by autoignition.
We now extend these observations in homogeneous and diffusive systems to analyze the region near the flame base of a turbulent lifted flame in a heated coflow computed by DNS. 
III. Results and Discussions
A. Configuration and Selected Results of the DNS
A description of the detailed configuration of the DNS can be found in Ref. [16] . To summarize, threedimensional DNS of a turbulent lifted hydrogen jet flame in a heated coflow was performed using a Sandia DNS code, S3D. S3D solves the compressible Navier-Stokes equations with a fourth-order explicit RungeKutta method for time integration, and an eighth-order centered finite difference scheme for spatial differentiation. The detailed kinetic mechanism used in the DNS is from Ref. [41] . The inlet fuel jet consists of 65% hydrogen and 35% nitrogen by volume under atmospheric pressure, at a temperature of 400K, and with a jet velocity of 347m/s. The coflowing air is at 1100 K and has a velocity of 4m/s. The jet Reynolds number is 11,200 based on the width of the slot, which is 1.92mm. The size of the domain is 24mm by 32mm by 6.4mm in streamwise (x), transverse (y) and spanwise (z) directions, respectively, and was discretized to 944 million grid points. The grid resolution is sufficient to resolve both the Kolmogorov and flame/ignition structure. The DNS assumes nonreflecting inflow/outflow boundary conditions in the streamwise and transverse directions, and periodic boundary conditions in the spanwise direction. The flow field was artificially ignited at t = 0 and was integrated with constant time steps of 4ns until the flame became statistically stationary, in less than about 1ms. Subsequently, the simulation was integrated for several more flow through times to provide statistics for model validation and development. The DNS was performed on a 50-110 Tflop Cray XT3/XT4 at Oak Ridge National Laboratories, and used approximately 3.5 million CPU-hours on 9,000 processors. A representative two-dimensional spanwise slice at t = 0.84ms and z = 6.4mm was selected from the 30 terabytes of raw data to be analyzed in the following. Figure 5 shows the spatial profiles of selected results from the DNS. The left panels include temperature, mixture fraction computed with Bilger's formula 42 , and heat release rate. The right panels show the concentrations of the important radicals. First, it is seen that the simulation provides abundant information to facilitate the understanding of the structure of the lifted flame. For example, the temperature panel shows three bulk regions: unburned cold fuel near the jet center (blue), preheated air (cyan), and the burned mixtures in the mixing layer (red). Therefore the position where the flame starts can be roughly determined as the leading edge of the high temperature zone. The panel of the mixture fraction further shows the structure of the mixing layer. It is not surprising that high temperature is observed in well-mixed regions, and the highest temperature is correlated with slightly rich mixtures with mixture fractions between ~0.2-0.3, where the stoichiometric mixture fraction, st = 0.1990. The distribution of the heat release rate peaks mostly near the leading edge of the mixing layer with high temperatures. Due to the Arrhenius effect, the reaction rate is very sensitive to temperature fluctuations. Furthermore, fast reactions typically cannot sustain themselves due to the rapid depletion of the reactants, as such large reaction rates are typically transient, resulting in the presence of distributed small hotspots on the heat release plot.
The right panels consist of the profiles for H, OH and HO 2, respectively. H is a crucial radical for hydrogen and hydrocarbon fuels, and high concentration of H typically indicates strong chemical reactions, which are again strongly affected by temperature. Therefore a clear correlation of H and temperature can be observed. Next, we note that OH is an important experimental flame marker, and it is a fairly good quasisteady state species 43 . Its concentration strongly depends on both temperature and the concentration of H. Moreover, H and OH typically peak in the reaction zone of flames and slowly diminish in the recombination zone where temperature approaches the adiabatic value. Therefore, the zones with high concentrations of H and OH roughly resemble that of high temperature, but with some offset in their maximum positions. In contrast to H and OH, HO 2 typically peaks prior to ignition and is quickly depleted in ignited mixtures. As such, HO2 is a good indicator of on-going ignition processes. From the bottom-right panel of Fig. 5 , note that, with the exception near the flame stabilization point, HO2 peaks primarily in the unburned fuel-rich mixtures in the central jet. Near the stabilization point, HO 2 peaks in the ignitive fuellean, high-temperature mixture.
Nonetheless, although the quantities plotted in Fig. 5 are very helpful in understanding the basic structure of the lifted flame, there is insufficient information to locate the exact positions of the flame fronts and the lift-off point in the flow field. First, this is because flame fronts are typically very thin and there is no clearly visible thin boundary in any of the panels of Fig. 5 . Second, most of the quantities shown in Fig.  5 are severely affected by the local equivalence ratio, which spans a wide range from extremely lean to extremely rich in the flow field, and as such, the plots in Fig. 5 are biased. Therefore, the lean flames, if they exist at all, are very difficult to discern from the flame measureables shown in Fig. 5 , due to the extremely lean flammability limit of hydrogen. American Institute of Aeronautics and Astronautics 092407 Next, we shall employ the method of explosive mode analysis for the effective detection of flames, particularly the lean fronts, which consequently reveals the stabilizing mechanism of the lifted flame.
B. Explosive Mode Analysis
The explosive mode analysis in Section 2 was performed at each grid point in the flow field. The eigenvalue, or the reciprocal time scale, of the explosive mode is plotted in Fig. 6 . It is noted that modes with time scales longer than 1s are considered non-explosive because it is basically dormant within a flow-through time, which is about 0.07ms. It is seen from Fig. 6 that the entire domain can be classified into two types of regions: the non-explosive region denoted by the blue background, and the explosive region denoted by warmer colors. The non-explosive region is comprised of three zones: the fuel-lean heated air coflow outside of the central jet, the cold fuel-rich turbulent central jet, and the pair of mixing layers downstream of the lift-off region containing near-equilibrium combustion products. The first two zones are basically non-explosive as the mixtures exceed the lean and rich flammability limits, respectively. Note, that the downstream burnt gas mixing layers are enclosed by sharp boundaries, whereas the upstream fuel and oxidizer zones do not exhibit a sharp boundary separating non-explosive from explosive zones. In the absence of a flame front, the upstream zones rely on diffusive mixing, and hence, there exists a gradual transition from non-explosive to explosive mixtures. The pair of non-explosive zones in the mixing layer enclose high temperature mixtures shown in Fig. 5 , and are separated by sharp boundaries from the explosive mixtures. These sharp boundaries are attributed to premixed flame fronts separating the burned and unburned mixtures, similar to the abrupt change from explosive to non-explosive mixture in a laminar premixed flame shown previously in Fig. 3 . It is further observed that there are two major segments of flame fronts, one close to the central fuel-rich jet, and the other on the air side with lean mixtures. The rich flame front is severely corrugated due to the intense turbulence in the central jet, and the lean flame front is nearly laminar as it exists in the heated coflow where the turbulence is dissipated.
Note that the rich flame fronts delineated by the explosive mode analysis are similar to those delineated by high HO 2 concentrations shown in Fig. 5 . However, the lean flame fronts are only visible from the explosive mode plot because the mixture is very lean, particularly far downstream, where the temperature is close to the ambient value, and the fuel and radicals exist in very low concentrations.
Furthermore, the leading edges of the lean and rich boundaries merge near the position where hot, burned mixtures appear. The upstream branching point denotes the stabilization, or lift-off, point, where the first parcel of mixture ignites. The mixture upstream of this point is very lean, with almost ambient temperature, such that the temperature rise downstream of this location is not readily visible from the temperature field shown in Fig.  5 .
Upstream from each stabilization point, a stream of highly explosive mixtures is observed starting from the nozzle exit. Rough measurement shows that the time scale of the explosive mixture is comparable to the flow time from the nozzle exit to the stabilization point, implying that auto-ignition, rather than flame propagation, is the controlling factor determining the lift-off height.
To further prove this point, we define a Damköhler number as:
,where  is the scalar dissipation rate. The Damköhler number, therefore, indicates how fast the explosive mode is compared with transport. If Da>>1, chemical explosion is much faster than mixing, and hence, the mixture is dominated by auto-ignition. Otherwise, chemical explosion can be severely altered by mixing. The Da field plotted in Fig. 7 , resembles that of the eigenvalue plot in Fig. 6 , and clearly shows two thin wrinkled layers of autoigniting mixtures (in dark red), each of which ends at a stabilization point. The mechanism of lifting points induced by auto-ignition is hereby clear. Moreover, premixed flame fronts can be defined at the boundary of Da = 1, i.e., where chemical explosion is balanced by mixing. This criterion is advantageous over the eigenvalue plot, because the threshold value is normalized. Nonetheless, the flame fronts depicted by Da and those by the eigenvalues are almost identical.
Finally, to show that the stabilization point is not primarily affected by flame propagation, the explosion index, defined in Eq. (10) , is plotted in Fig. 8 for H radical and temperature, respectively. As discussed in Fig. 3 , radical explosion is not important in the flame preheat zone, while it is a necessary precursor to the accumulation of a radical pool for auto-ignition. Therefore, a typical premixed flame front is preceded by a rather wide thermal runaway zone, while the thermal runaway zone for auto-ignition is relatively thinner, as shown in Fig. 1b. In Fig. 8 , it is clearly observed that radical explosion dominates almost the entire stream of the highly explosive mixture leading to the stabilization point, whereas thermal runaway is observed only in the vicinity of the stabilization point.
In summary, the stabilization mechanism of the lifted hydrogen flame in heated coflow occurs by: the reactants are mixed at nozzle exit and form a thin layer of lean mixture at close-to-ambient temperature. This most explosive layer of mixture is then convected downstream as the radical pool is built up in a nearhomogeneous environment. The mixture finally ignites at the lift-off point after transient thermal runaway. The leading edge of the two premixed flames are formed, one propagating to the lean side and the other to the rich, and the mixture loses its explosivity thereafter. The lean flame propagates outward from the mixing layer and decelerates as it approaches the lean flammability limit, where the flow is laminar. The rich flame propagates toward the jet center until it reaches the rich flammability limit. The rich flame front is severely wrinkled and disrupted by the intense turbulence, and islands of burned and unburned mixtures are formed.
C. Comparison with Flame Index
Takeno's flame index 44 has been a useful measure to delineate between premixed and non-premixed flame fronts in complex flow fields. The flame index is defined as:
where F denotes the fuel and O the oxidizer. In premixed flames the gradients of fuel and oxidizer are aligned, such that the rapid consumption of the reactants across the flame results in a large positive value of flame index. In non-premixed flames the gradients of fuel and oxidizer oppose one another, and the flame index is negative. The magnitude of the flame index increases as the flame becomes thinner.
The concept of flame index is different from the current method of explosive mode analysis in several aspects. First, the explosive mode is a chemical property of the mixture while the flame index is not. Therefore the flame index may also peak in nonreactive flows, such as premixed or non-premixed opposed jets, particularly where the scalar field is subjected to intense stretch. Therefore, a flame may not exist at all where the flame index peaks. Second, the flame index is dimensional, and it can be difficult to select a threshold value for complex flows, whereas the simple criterion of Da = 1 can be applied in the present method. Third, the flame index suffers from similar problems as the other quantities plotted in Fig. 5, i .e. the plot may be biased and difficult to use for extremely lean mixtures. This problem, however, is readily handled by the explosive mode analysis. To demonstrate the above points, the flame index for the lifted flame is shown in Fig. 9 , superimposed with an isocontour corresponding to a timescale of an explosive mode from Fig. 6 . It is seen that negative peaks of the flame index are observed in the mixing layer before the lift-off point, where no flame exists, and these peaks are induced by the strained mixing process. Furthermore, the lean flame fronts are not visible in the flame index plot because of the bias induced by the local equivalence ratio.
IV. Conclusions
In summary, explosive modes in chemically reacting flows were studied based on CSP. The abrupt change in the mixture explosivity was employed for the detection of premixed flame fronts, which was found to be difficult using conventional methods involving only individual parameters such as temperature, mixture fraction, heat release rate, and species concentrations. A singular eigenvector matrix induced by vanishing explosive modes was observed, and it was found that the singularity is caused by the convergence of the explosive mode to the mode of energy conservation. A species explosion index was consequently defined to normalize the diverging explosion pointers near the singularity. Radical explosion and thermal runaway were then distinguished with the explosion pointers. The present method was first tested on homogeneous auto-ignition and 1-D laminar premixed flames, and subsequently applied to a turbulent lifted hydrogen jet flame simulated with DNS. Lean laminar and rich turbulent flame fronts were detected, and the point of intersection leading the two flame fronts was identified as the lift-off point. A Damköhler number based on the time scale of the explosive mode and the scalar dissipation rate was defined to identify auto-igniting mixtures, and the role of auto-ignition as the mechanism for stabilization of the lifted flame was discussed.
It is noted that, although the present method was successfully applied in the analysis of the present lifted flame, it only detects premixed or partially premixed flames in that the fuel and oxidizer need to be premixed to be explosive. When non-premixed flames, such as the trailing diffusion flame zone enclosed by the lean and rich premixed flame fronts in the present study, are of interest, additional methodology is required. In addition to lifted flames, explosive chemical modes can also provide useful information in other flow analysis, such as those involving the competing effects of flame and ignition front propagation during reignition following local extinction in highly strained turbulent nonpremixed flames. It is also important in the study of the turning points on extinction and ignition curves for steady state flows. Such topics can be interesting extensions of the present study.
